Dynamical Symmetry breaking and meson masses are studied in the Nambu-Jona-Lasinio (NJL) model at finite temperature and chemical potential using the dimensional regularization. Since the model is not renormalizable in four space-time dimensions, physical results and parameters depend on the regularization method. Following the imaginary time formalism, we introduce the temperature, T and the chemical potential, µ. The parameters of the model are fixed by calculating the pion mass and decay constant in the dimensional regularization at T = µ = 0.
I. INTRODUCTION
QCD is a fundamental theory of quarks and gluons whose coupling constant is large at low energy scale. Therefore one cannot adopt the perturbative expansion in powers of the coupling constant at low energy. To study physics in a hadronic phase we can not avoid considering the non-perturbative effect of QCD. One of the possible ways to evaluate the phenomena in the hadronic phase is to use a low energy effective theory. Some phenomenological parameters are introduced to construct the low energy effective theory which is simpler than QCD to deal with. NJL model is one of the low energy effective theories of QCD [1] , for a review see Refs. [2, 3, 4, 5] . The model has the same chiral symmetry as QCD and the symmetry is broken down dynamically. Thus it is often used to study symmetry properties of QCD in the hadronic phase.
The NJL model contains four-fermion interactions. Since a four-fermion interaction is a dimension six operator, the NJL model is not renormalizable in four space-time dimensions.
To obtain finite expressions we must regularize the theory. In such a non-renormalizable model most of the physical quantities depend on the regularization method and a parameter introduced to regularize the theory. For example, a cut-off scale is introduced as a parameter in a cut-off regularization. The coupling constant and the cut-off scale are determined phenomenologically.
The regularization in general may break some of the symmetries of the theory. For example a naive three dimensional cut-off breaks Lorentz and gauge invariance [6] . In the present paper we employ the dimensional regularization. It preserves most of the symmetries of the theory, including the general covariance. We regard the space-time dimensions as one of the parameters in the effective theory. Thus the dimensions should be determined in some low energy phenomena which have some relation with chiral symmetry breaking.
There are some works investigating NJL model in the dimensional regularization. The general properties of the renormalization and the renormalization group is studied in arbitrary dimensions 2 < D < 4 [7, 8, 9] . In Refs. [10, 11, 12, 13, 14, 15, 16] the NJL model is considered as a prototype model of composite Higgs. The phase structure of dynamical symmetry breaking is analyzed at high temperature, density, electro-magnetic field and curvature. But we have no established fundamental theory of composite Higgs models at high energy scale. Thus the physical scale of the theory has not been fixed and the contribution of the current fermion mass has not been analyzed.
In Ref. [17] the dimensional regularization is modified to keep four dimensional properties of the non-renormalizable theory as much as possible. To achieve this goal the dimensional regularization is applied to only the radial part in loop integrals. It is one of the analytic regularization. The meson loop contribution to the chiral symmetry breaking is also analyzed in the NJL model with the modified dimensional regularization [18] . The procedure is easily extended to the finite temperature and chemical potential. However, the phenomenologically consistent dimensions are less than two in this approach. Because of the infrared divergence it seems to be difficult to obtain a finite result at finite temperature.
In the present paper we regard the NJL model as a low energy effective theory of QCD and apply the dimensional regularization not only to the radial part but also to the angular parts of internal momenta in loop integrals. We include the effect of the current quark mass and fix the scale through the observed properties of pseudo-scalar mesons, the pion mass and the decay constant at zero density and temperature. The constituent quark mass and the meson properties are evaluated in thermal equilibrium.
The paper is organized in the following way. First we apply the dimensional regularization to the NJL model with two flavors of quarks. As is well-known, the small mass of quarks explicitly breaks the chiral symmetry. Thus the chiral symmetry is only approximate. In such a model we evaluate the phase structure of the theory. We need to perform renormalization as well to define a positive coupling constant. In Sec.II we calculate the mass of scalar and pseudo-scalar mesons. We take the massless quarks limit and show that the dimensional regularization keeps the Nambu-Goldstone modes massless. A relationship between the space-time dimensions and the physical mass scale is also discussed. In Sec.IV we introduce the thermal effect in the imaginary time formalism and evaluate the effective potential. In Sec.V we calculate the mass of scalar and pseudo-scalar mesons at finite T and µ. The three massless poles of pseudo-scalar mesons survive at higher temperature and chemical potential. At the end concluding remarks are given.
II. DYNAMICAL SYMMETRY BREAKING
The chiral symmetry is broken when the composite operator of a quark and an anti-quark, ψψ, develops a non-vanishing expectation value. It is caused by the QCD dynamics and is called dynamical symmetry breaking.
The NJL model is one of the simplest models of dynamical chiral symmetry breaking.
The model is originally introduced to evaluate the low energy properties of hadrons as a bound state of some primary fermion fields [1] . The Lagrangian of the two-flavor NJL model is defined by
where g 0 π is an effective coupling constant, τ a represents the isospin Pauli matrices, and
is the mass matrix of up and down quarks. In the Lagrangian (1) we omit the color and the flavor indeces.
In the limit of massless quarks this Lagrangian is invariant under the global flavor trans-
and the chiral transformation
The quark mass term violates these symmetries explicitly. When the composite operator ψψ develops a non-vanishing expectation value, the quark acquires a mass and the chiral symmetry is broken dynamically.
The vacuum expectation value of the composite operatorψψ can be found by solving the gap equation. The gap equation of the NJL model in D dimensions is
where S(k) is the fermion propagator and "tr" denotes trace with respect to flavor, color and spinor indices,
Integration over k takes the gap equation to the form
where N c is the number of colors and A(D) is defined by
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The gap equation (6) has three solutions. To find the stable solution we evaluate the effective potential for the scalar channel, σ, (see, for example Ref. [10] )
Extrema of the effective potential satisfy the gap equation (6) . The most stable solution is determined by the minimum of the effective potential. As is shown in the Fig.1 , we find the minimum at a negative value of σ for a negative coupling constant, g 0 π , with a finite current quark mass. We note that the expectation value, ψ ψ ∼ − 1 2g 0 π σ , has a negative value as usual.
At the massless limit, m → 0, the gap equation (6) is simplified and the solutions are:
The non-vanishing solution (10) is stabler, see Fig.1 . It shows that the composite operator ψψ develops a non-vanishing expectation value and the chiral symmetry is broken dynamically. It should be noted that
The left hand side of the Eq. (10) is real and positive. To find a real solution of Eq.(10) we must set a negative value for the coupling constant g 0 π . It is one of characteristic features of the dimensional regularization.
A. Renormalization
The Lagrangian (1) is not renormalizable for D = 4. However, the renormalization is sometimes useful to connect the results in the different regularization schemes. Here we renormalize parameters in our model.
In the leading order of the 1/N expansion the radiative correction of the four-fermion coupling for the scalar channel is given by the summation of all bubble type diagrams,
where the self-energy
We renormalize the coupling constant g 0 π by imposing the following renormalization condition
where we introduce the renormalization constant, Z g (M 0 ). The superscript r stands for the renormalized quantities and M 0 is a renormalization scale.
At the limit p 2 = 0 the self-energy Π s (p 2 ) simplifies to
Thus the renormalization constant is given by
Therefore the renormalized coupling g r π is found to be
We rewrite the gap equation (6) in terms of the renormalized coupling constant g r π as
j∈{u,d}
In the massless limit m → 0, the non-trivial solution of the gap equation is given by
A real solution for σ exists for 1/g
The critical coupling is real and positive. It should be noted that the broken phase is realized for g r π > g cr π > 0 or g r π < 0. It may be useful to rewrite the Eqs. (17) and (18) in terms of the critical coupling,
and j∈{u,d}
From Eq. (21) it is clear that the bare coupling g 0 π should be negative in the broken phase, 1/g r π < 1/g cr π , in the dimensional regularization. The renormalization group β function is defined by [8, 9] ,
Using Eq. (22) in Eq. (23) we obtain
(
The ultraviolet stable fixed point appears at the critical coupling, g r π = g cr π .
III. MESON MASSES
To describe a bound state in the hadronic phase non-perturbative effects of QCD should be considered. Here we study meson masses in the NJL model at the leading order of the 1/N expansion.
A. Pseudo-scalar mesons
First we calculate the pion mass in the two-flavor NJL model. It corresponds to the Nambu-Goldstone modes at the massless quark limit. Since the current quark mass explicitly breaks the chiral symmetry, the pion mass should be proportional to the current quark mass in the broken phase.
The pion mass is defined by the pole of the propagator for a pseudo-scalar channel. The leading order of the 1/N expansion is described by the summation of infinite number of the bubble diagrams,
where we insert the renormalization scale M
to impose the correct mass dimensions
is the self-energy for the pseudo-scalar channel which is given by
Integrating over the D-dimensional momentum k, we obtain
and
We can analytically calculate the momentum integral at finite p 2 , but it is enough to evaluate the self-energy near p 2 = 0 to observe the massless pole of the Nambu-Goldstone mode. Straightforward calculations lead to
where f (D) is given by
In the isospin symmetric case,
Further we obtain the pion wave function renormalization constants,
Neglecting O(p 4 ) terms, the pion masses are found to be
In the massless quark limit Eqs. (34) and (35) read
Substituting the non-trivial solution of the gap equation (10) into Eq. (36), we observe that the pion mass disappears. Therefore the pion propagator has massless pole and thus the Nambu-Goldstone mode remains in the dimensional regularization. This is natural given the fact that dimensional regularization does not damage Word-Takahashi identity, whereas cut-off regularization does [6] . If the constituent quark mass is not generated, the above expression can be written as
Since the renormalization constant Z π is positive definite, the pion mass squared is negative in the broken phase, 1/g
Such a tachyon pole is compensated by the constituent quark mass. On the other hand inverse of the renormalization constant Z 
B. The scalar meson
Next we calculate the meson mass in the scalar channel. The propagator for the scalar channel in the leading order of the 1/N expansion is given in Eq.(12)
The scalar meson mass (given that the corresponding pole is not located on the real axis) is obtained by observing the extremum for |G s (p 2 = m 2 σ , σ )|. We can find the corresponding pole for D 2.2. It can not be found for D 2.2 and for soft mode in the next section. The extremum condition Eq. (38) for scalar meson mass is applicable for more general cases.
First we discuss the massless pole in the scalar channel. It is not realistic but useful to understand the symmetry properties of NJL model. If the scalar meson is light enough, we can employ the same procedure as in the previous subsection. Thus we use the definition for m σ similar to m π .
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The self-energy Π s (p 2 ) defined in Eq. (13) is expanded near p 2 ∼ 0 as
Thus the renormalization constant for the scalar wave function is obtained by
It has a positive definite value for 2 < D < 4. In the present approximation the scalar mass is given by
In the massless quark limit it becomes
where we used the gap equation (10) . As is shown in Sec.II, the bare coupling g If we do not consider the constituent quark mass, the sigma meson mass degenerates with the pion mass (37) in the limit of massless quarks. The tachyon pole (37) shows that the vacuum is unstable and the constituent quark mass should be generated.
Since the scalar meson is heavy in the real world, we do not apply the expression (42) to evaluate the real scalar meson mass. Furthermore, there is no pole for p 2 ≤ 4( σ + m)
2 .
An imaginary part appears in the self-energy for p 2 > 4( σ + m) 2 . The imaginary part corresponds to the decay width of the sigma meson. To find the sigma meson resonance we numerically calculate the pole of the propagator. We start with the relationship in the current algebra (See, for example, appendix in Ref. [20] .) The pion decay constant f π is written as
From the Gell-Mann-Oakes-Renner relation [24] we obtain
The constituent quark mass σ is determined by the gap equation (6) . Fig. 2 , the bare coupling constant and the renormalization scale has no strong dependence on the current quark mass. The renormalization scale is found to be below the pion mass. In Fig.3 we illustrate the behavior of the constituent quark mass and of the expect value of the composite operator of a quark and , varies less than 0.1% between two and four dimensions and is found to be 
The Gell-Mann-Oakes-Renner relation (45) is reproduced from Eqs. In Figs.4 and 5 [40] we calculate the pion and the sigma meson mass by numerically solving the equations
using the gap equation. As is clearly seen in Fig. 4 (a) , the results for m π are found at the physical pion mass scale ≃ 136MeV for D 2.2. The approximation in Eq. (35) seems to be valid for higher dimensions. A typical behavior of the real and the imaginary part of Fig. 4 (b 
The sigma meson develops the heavier mass for higher dimensions in Fig. 5 (a) . If imaginary part of G s is small, we can identify the sigma meson width, Γ σ , as
with m σ obtained from Eq. (49). We plot the behavior of the sigma meson width in Fig. 5 (b). For smaller dimensions both the sigma meson and width approach to the result obtained by solving the Roy equations in [21] . As is pointed out in Ref [22] , higher order corrections, ππ scattering, are essential for the sigma width. To discuss the sigma meson width one should calculate the next to leading order corrections in 1/N expansion.
IV. DYNAMICAL SYMMETRY BREAKING AT FINITE T AND µ
To define the thermal equilibrium the time direction has to be fixed. This breaks general covariance however, it is important not to introduce an additional violation of the covariance through the regularization. Thus we apply the dimensional regularization to the NJL model in the thermal equilibrium and extend the above analysis to the finite temperature T and the chemical potential µ.
First we discuss the phase structure of the theory. It is expected that the broken chiral symmetry is restored at high temperature and/or large chemical potential. Following the standard procedure of the imaginary-time formalism, we introduce the temperature and the chemical potential to the NJL model in D dimensions [10] . Hence the gap equation (4) is modified as
where S βµ (k) is the fermion propagator at finite T and µ,
Due to the anti-periodicity of the fermion field the k 0 integral is replaced by the summation over ω n = (2n + 1)π/β. We note that the flavor symmetry is broken by the quark mass and the chemical potential in the thermal equilibrium (see, for example, Ref. [23] .)
Integrating over the momentum in Eq. (52), we obtain
We also perform the summation in Eq.(52) and get another expression,
The result exactly reproduces the one obtained in Ref. [10] at the massless quark limit.
At the zero temperature limit the gap equation (55) simplifies to
For µ < m u + σ and µ < m d + σ the theta function vanishes and we obtain the same solution with zero chemical potential. Hence, the chemical potential does not contribute to the constituent quark mass σ at
To find the stable solution we evaluate the effective potential V (σ) at finite T and µ. It is obtained by integrating over σ in the gap equation (55) with further replacement σ by σ
.
The stable solution of the gap equation is obtained by observing the minimum of the effective potential. We numerically calculate it and show typical behavior of the effective potential V ( σ ) and of the dynamically generated quark mass σ in Fig.6 . A first order transition takes place for µ = 300(MeV). In the massless quark limit a phase transition occurs as is shown in Ref. [10] . Because of the explicit chiral symmetry breaking term, i.e. finite current quark mass, the phase transition becomes a cross over in Fig.6 [25, 26] . In Ref. [10] detailed behavior of the dynamically generated mass and the phase structure are found for
Analytic expressions for some characteristic points are also presented there.
V. MESON MASSES AT FINITE T AND µ
Next we consider meson masses in a thermal equilibrium. The question of whether the Nambu-Goldstone modes of the chiral symmetry breaking are still massless or not at finite T and µ is not trivial [27, 28, 29, 30, 31] . It is expected that the dispersion law is modified in the thermal equilibrium.
In the imaginary time formalism the self-energy for the pseudo-scalar channel, Π
Performing the trace operation in Eq. (59), we obtain
where
We observe the massless pole of the pion propagator at the massless quark limit, again. For
To find the massless pole we put p 2 = p Since the pseudo-scalar field with the momentum p obeys the Bose-Einstein statistics, the fourth element p 4 is written as p 4 = 2lπ/β (l is an integer). We can simply change variables ω n − p 4 and k − p in the second line of Eq.(63) to ω n and k respectively.
The pion self-energy (63) reduces to
The pion mass at finite T and µ is found to be
Substituting the gap equation (52) into Eq. (65), we find that the pion is also massless at finite T and µ. The pion is still massless if the quark state is represented by a non-trivial solution of the gap equation. It is noteworthy that we do not use the Feynman parametrization, it
is not applicable to calculate loops at finite T and µ.
Next we evaluate the contribution of the finite current quark mass. Here we consider the isospin symmetric limit for simplicity and set m u = m d ≡ m again. In this case a pole of the pion propagator is given by
where we have used the gap equation (52) 
To find the dispersion law in the Minkowski space we perform Wick rotation, ip 4 → p 0 .
Thus the Eq.(67) reads
If we change variable k to p − k in Eq.(69), E 1 and E 2 are exchanged. Thus Eq. (69) simplifies to
We divide the momentum integral in the radial and the angle parts,
We can choose the space coordinate in the direction p = (p, 0, 0, · · · ), then k · p = kp cos θ 1 .
The integrand in Eq.(69) depends only on k and θ 1 . The angle integrals with respect to
Thus the Eq.(70) reduces to In the chiral limit m → 0, the solution of this equation is p 2 0 − p 2 = 0, as is shown before.
A finite current quark mass changes the solution.
In the limit µ → 0 and T → 0, the right hand side of Eq. (73) is a function of p 2 . To see if the finite T and µ modify this dispersion law we numerically solve Eq.(73). In the numerical analysis we put D = 2.4 and use the parameters determined in the subsection III.C. In Fig. 7 we plot the solutions on p 0 , p plane at finite T . The solutions are on hyperbolic curves as in the usual T = 0 case. The value of p 0 on the curve at p = 0 corresponds to the pion mass.
The pion mass is obtained by solving Eq. (73) after rotating the contour by −π/4. A soft mode for the pion channel is found by observing an extremum of the absolute value of the propagator |G 5 |. The pion mass decreases as T increases from 0 to the critical temperature T c . A soft mode appears above T c . We also draw the behavior of |G 5 | near T c in Fig. 8 (b) .
The sharp peak structure is observed near −2( σ + m) for T T c . In Fig. 8 (a) we see a gap at T ≃ 60(MeV) for µ = 300(MeV). The gap comes from the one for σ in Fig. 6 (b) .
For the scalar channel the self-energy, Π s (p 4 , p) is given by
We perform the trace operation and get
It is related to the self-energy for the pseudo-scalar channel,
The difference between Π s (p 4 , p) and Π 3 5 (p 4 , p) disappears at the chiral limit ( σ +m j ) → 0. If the chiral symmetry is restored, the scalar and the pseudo-scalar channel degenerate even for finite T and µ.
The two-point function for the scalar meson can be calculated similarly to Eq. (63) for the pion pole. After the summation over the Matsubara frequencies and the Wick rotation we obtain Adopting the mathematical trick used in Eq.(70) and integrating over the angle variables,
The sigma meson and soft mode masses are obtained by observing the extremum of |G s | after rotating the contour by −π/4. We draw the behavior of the sigma meson mass and the soft mode in Fig. 9 (a) . As temperature increases from 0 to T c , the sigma meson mass decreases for µ 200(MeV). The sigma meson mass turns into the soft mode at temperature above T c . A gap at µ = 300(MeV) and T ≃ 60(MeV) in Fig. 9 (a) is induced by the gap found in the < σ > behavior shown in Fig. 6 (b) . The other small gap appears at T ≃ 100(MeV). It comes from the extremum of < σ > as is shown in Fig 6. (b) . In Fig. 9 (a) we also draw −2( σ + m) where a naive threshold (at double constituent quark mass) forψψ state appears. The sigma channel above T c we call the soft mode. In Fig. 9 (b) we show the extrema for |G s | which corresponds to the soft mode.
The sigma and pion mass has been analysed in [32] at finite T and µ in the cut-off regularization. For small µ a similar behavior is observed across the crossover transition.
For larger µ the first order phase transition takes place in both regularizations. In this case the constituent quark mass σ shows some different behavior. For instance, the small peak in the constituent quark mass appears at µ = 300(MeV) and T ≃ 100(MeV) in Fig. 9 (a) in the dimensional regularization.
VI. CONCLUSION
We studied characteristic features of the NJL model in the dimensional regularization.
The dimensional regularization is applied to momentum integrals for internal fermion lines as usual. Since the model is not renormalizable, we can not take the four dimensional limit.
We evaluated some physical properties of the model in the space-time dimensions less than four. We take notice of that only the radiative corrections should be evaluated in the spacetime dimensions less than four to keep the four-dimensional properties in the real world.
The classical parts are evaluated in four dimensions.
In the NJL model we see that the approximate chiral symmetry is dynamically broken for a negative bare coupling. The constituent quark mass is also negative. After the renormalization, we can define the renormalized coupling constant. The dimensional regularization keeps most of symmetries. We have inspected the massless pole of the Nambu-Goldstone mode of the chiral symmetry breaking at the massless quark limit. Calculating the meson masses in the vacuum, we show that three pseudo-scalar modes have massless pole in the broken phase. It is the direct consequence of the Ward-Takahashi identity. In the dimensional regularization the Ward-Takahashi identity remains usual. We also see that the mass for the scalar mode is real and positive.
The coupling constant, the space-time dimensions and the renormalization scale can be fixed by the pion mass and its decay constant. The dimensions less than three, but more than two, are preferable to obtain the constituent quark mass about 300 ∼ 400MeV. The current quark mass has a non-negligible dependence on it. If we take the larger current quark mass, the constituent quark mass about 300MeV is realized for higher dimensions. However, a large chemical potential induces the first order phase transition for lower dimensions 2 ≤ D ≤ 3 in the massless quark limit, as is the case in other approaches, such as the cut-off regularization [5, 33, 34] , Schwinger-Dyson equation [35, 36] and the lattice QCD [37] .
After we fix the parameters phenomenologically, we numerically evaluate the constituent quark mass at finite T and µ. The first order transition is observed for D = 2.4 at µ = 300MeV. We also evaluate the thermal influence on the meson masses in the leading order of 1/N expansion. We show the dispersion law for pion and the behavior of meson masses. For lower temperature only a small influence is observed on the meson mass. It should be noted that boson loops have O(T 2 ) contribution at finite temperature. A meson loop appears in the next to leading order of 1/N expansion. Though it is neglected in the present paper, the contribution from a meson loop may not be negligible at higher temperature.
Some problems remain. One should include the QED corrections to evaluate the neutral and the charged pion mass difference [38] . The color superconductivity is also interesting to consider in the extended NJL model by using the dimensional regularization [39] .
